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Even functions have graphs with z = 0 as a line of
symmetry; odd functions have graphs with (0,0)
as a centre of rotational symmetry. Show that this
function has a graph which is neither.

(a) This is false; give a counterexample.

(b) This is true; use the fact that kites have a line
of symmetry.

The quadratic expression can be factorised, and
then the factor theorem can be used.

Sketching graphs can help. Consider cases with
different numbers of roots in the solution set S.

Draw a force diagram. Then, consider vertical
equilibrium and moments around e.g. the lower
support. Solve to find both reaction forces.

Solve to find the intersections of the curves in
terms of k. Then set up an equation involving a
single definite integral (of the y difference between
the curves). Solve for k.

Square the equations, add them, and then simplify
using the first Pythagorean trig identity.

This is another way of expressing a first-principles
derivative. Rather than letting a small difference
h tend to zero, we take two x values p and ¢, and
let them both tend to zero. The difference between
them is given, then, by p — ¢, which will tend to
zero. As usual, the technique is to engineer this
factor on the top, so that it will cancel with the
bottom. Then the limit can safely be taken.

Divide this up into cases: start with all the black
beads together, then with two of the black beads
together, then with only one.

This can be done by the chain rule. However, it is
much simpler to use a Pythagorean trig identity.

Square both sides of the equation, but note that, in
doing so, you introduce extra points to the curve.
Sketch the squared version, and then restrict it to
positive y.

Call the short side of the rectangles # and the long
side %. Then draw a sketch and find the area of
overlap in terms of x. Set to /2 and solve.

The instruction “make b the subject” is exactly
the same instruction as “solve for b”. Here, do the
latter.
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The indefinite integral is a standard one, using the
reverse chain rule. Then, use the exact values of
the tan function, with reference to either the unit
circle or a graph.

(a) To calculate the average velocity, integrate to
find the displacement and divide by the time
taken.

(b) To find the average speed, you need to find the
time at which the velocity becomes negative,
and integrate either side of it.

Note that the gradients of the lines are reciprocals.
This means that the lines are reflections in a line
of the form y = x + c.

Each of the circles has unit radius. Their centres,
then, are located at four points on the unit circle.

The four sloped faces are symmetrical, while the
base is different. So, consider separately the cases
in which the base is blue or yellow.

Set up an equation using the binomial distribution
formula, writing the binomial coefficients in terms
of factorials. Then solve.

This is not correct. Friction does act to oppose
motion or potential motion. But the two surfaces
in potential motion here are not the car and the
road. Consider the bottom of the wheels.

Consider the symmetry of a quadratic graph. In
particular, determine the transformation between
the graphs of y = f(p — ) and y = f(p + ).
Express a as €2, simplify using index laws, and
then differentiate using the chain rule.

In each case, the question is whether or not the
denominator has a root.

Draw a clear diagram, drawing the chord and radii
to all relevant points. Then set up an equation for
the area of the annulus as the difference between
circle areas. You'll get a value for R? — 2. Using
Pythagoras, you can convert this into a value for
the (half) chord.

Build term by term, starting with z2.

Unwrap the curved surface of the cone to form a
sector. This sector has radius /, which is the slant
height of the cone.

(a) Hypotheses are claims about the population;
the sample is what is then used to test those
claims.
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(b) Both more than and fewer than the expected
number of reactions could lead to rejection of
the null hypothesis.

(c) Use u = np.

(d) The p-value is the probability, assuming the
null hypothesis, that a sample as extreme as
this one could arise. Compare the p-value to
the significance level.

Consider the two integrals as areas on your sketch,
which fit together like jigsaw pieces to produce a
rectangle.

This is about quadratic symmetry. A function can
only be inverted over a domain on which it is one-
to-one. Since the domains either side of z = k are
one-to-one, this specifies the location of x = k on
the parabola.

You can calculate the side length of the hexagon
by using Pythagoras on one of the faces of the
cube. Then split the hexagon into six equilateral
triangles: find its area with 6 x Jabsin C.

The “distance between” a line and a curve means
the shortest distance between them. This is always
along a perpendicular to the curve, which, in this
case, is an extended radius. Find the centre and
radius of the circle by completing the square, and
then use standard circle geometry.

“Write b in terms of a” is the same as saying “Solve
for b”. This is a quadratic in V/b.

Since the equation is true whatever the value of a
and b, the function |f(z)| must be identical to the
function f(z).

The first case is a circle. The latter cases are scaled
versions of the same, in which y has been replaced
by ky. This is equivalent to a stretch factor % in
the y direction. The case k = 0 can be thought of
as a “stretch” with infinite scale factor.

(a) Consider the two objects as one.

(b) Set up another NI, and eliminate a.

The volume is given by the cross-sectional area
multiplied by the length. The area can be found
with the formula %ab sin C'.

Set up the usual formula for the variance, for the
combined sample. Then use z = 0 to simplify.
Split the sum up into its = and y terms: these can
be re-expressed as the individual variances.
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Using log rules, write the both sides as single logs
over base 3. Then take 3 to the power of both sides.
Solve the cubic using a polynomial solver, or by
spotting a root, or by using a numerical method.

Translate each piece of information into a single
equation, and solve simultaneously.

Either use polynomial long division or polynomial
“short division”, which is simplify taking the factor
out term by term.

Rearrange each equation to make the trig function
the subject. Then square the equations and add
them, using the first Pythagorean trig identity.

Draw the bell curve. The normal probabilities are
given by areas underneath. Sketch the relevant
rectangles and compare areas.

Proceed in the usual fashion, despite the algebraic
points: calculate the gradient using ﬁl—sﬁ, and use
y =y =m(z—z1).

The bricks that will initially topple are those on
the middle storey. Draw a force diagram for e.g.
the right-hand of them, and show that it has a
resultant moment clockwise.

This is the first case of the inclusion-exclusion
principle. A Venn diagram will help. Label the
numbers of elements as below:

A B

Enact the differential operator using the product
rule, then rearrange to make % the subject.
There are two ways to do this: either rearrange to
x = y — 1, substitute and multiply out, or find a
cubic in (z + 1) coefficient by coefficient.

Sketch the target, and calculate the areas A; of the
rings, and A of the target itself. Probabilities are
then given by A;/A, and the expectation by the
formula E(z) =Y z; P(X = x;).

The latter graph can be thought of as the result
of two output transformations. Sketch this, and
then consider the single transformation that has
the same effect.
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Working with the first line, find % by the product
rule. Then sub your derivative into the LHS of the
second line, and simplify to get the RHS.

Expand the harmonic-form expression R cos(6—a)
using the relevant compound-angle formula. Then
set this as identical to v/3 cos 8 + sin 6 and equate
coefficients of cosf and sinf. Solve the relevant
equations for R and a.

Use the quotient rule, then set the first derivative
(and so numerator thereof) to zero.

This is a bit unusual. But you can write the whole
thing in terms of |z|, so that it can be factorised
normally. The key fact is that 22 = |z|%.

No calculation is needed. However, if you can’t see
the result, then explicit calculation will do it!

The odd and even cases are different.

Assume that neither of the first two is a multiple
of three, and prove that the third one must be.

Rewrite each term over base 2, using the fact that
log, b = log,~ b™, and then combine the terms with
a log rule.

Remember that correlation is closeness to a linear
relationship, not merely a relationship.

(a) Differentiate and set the gradient to 2. Solve
this cubic and establish the x coordinate at
which the tangent occurs.

(b) Find the second derivative.

(¢) Find the other intersection point, and then set
up a single definite integral of the y distance
between the curves.

Use the formula for the sum of the interior angles,
which, in radians, is (n — 2)7.

This is a quadratic in y/z: use the formula.

Write the sum out longhand, i.e. term by term.
Then work out the first term and common ratios
of the constituent geometric series.

Consider the definition of a point of inflection: the
second derivative is zero and changes sign.

(a) This is a perpendicular bisector.
(b) Use Pythagoras.

(¢) Solve simultaneously.
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Consider the LHS and RHS separately, each as an
expression. Simplify and show that they are the
same. The simplification is best done by taking
out common factors before expanding.

Draw a force diagram for one of the vertices of the
triangle of string.

Differentiate implicitly, using the chain rule.

Carry out both integrals, combining the 4c¢; and
+co into a single 4+c on the RHS. Then substitute
the initial conditions to find c.

Find the mean of the interior angles of a pentagon
first.

Set the first derivative to zero to find stationary
points. Hence, find the equation of the dashed
line y = k. Then set up a single definite integral
with integrand 1—10354 — 22— k.

This is a chain of the type that gives the chain
rule its name: f(g(h(z))). Differentiate the outside
function first, then differentiate the inside function
by a new instance of the chain rule.

Call the output of the function y. Then rearrange
to make x the subject.

Draw a clear sketch, with the circle tangent to the
rhombus at four points. Name half of one of the
interior angles «, and find the side lengths in terms
of it. Then use a double-angle formula.

(a) Carry out the expansion, and you should see
the numbers 362 and 209 appear.

(b) Work out what you would need to equate the
result in (a) to, in order to reach the desired
approximation. Then explain, by considering
the magnitude of v/3—2, why such an equation
is approximately true.

Consider whether there are any x values at which
secz and cot x are zero.

There are “Cy4 outcomes. Find out how many of
them have no two shaded regions sharing a border.

You could set up a general point (p7 v1- p2), and
find the general equation of a tangent. It’s much

easier, however, to use the fact that the curve is a
semicircle.

Substitute the info given into the formulae for the
mean and variance, and solve a quadratic in n.
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Show that the curve y = f(x) can has exactly one
stationary point. Then argue that there can be at
most one x intercept either side of it.

Set up Pythagoras’s theorem and differentiate it
with respect to time.

(a) The range is the set of outputs reachable from
the given domain. So, what are the possible
values for the standard deviation of a sample?

An invertible function must be one-to-one.
Does every sample in the domain have a unique
standard deviation? In other words, can you
construct two such samples which have the
same standard deviation?

(b)

Use the product and chain rules to find the first
and second derivatives. Show that, at some z, the
first and second derivatives are zero, and that the
second derivative changes sign.

Draw a force diagram, deciding on the direction of
friction, and resolve parallel and perpendicular to
the slope. Find the magnitude of the friction with
the perpendicular equation, and then the tension
with the parallel one.

Use the reverse chain rule, and the fact that the
integral of < is In |z|. Don’t forget the mod signs;
you'll need them.

Find Zl%? then reciprocate to find ‘;—Z. Substitute
into the LHS as an expression and simplify to zero.

Differentiate for first and second derivatives. Find
and classify the sps.

ALTERNATIVE METHOD

Factorise to y = (x — 1)?(z + 1)?, and consider the
multiplicity of the roots.

This formula calculates probabilities conditioned
on A from probabilities conditioned on B. Hence,
draw a tree diagram conditioned on B and consider
P(B| A).

(a) A can be thought of as a linear scale running
along AB.

(b) The key fact is that (c — a)i+ (d —b)j is the
vector AB.

Exponentiate both sides, and then simplify using
log rules to find a parabola. Be careful to check
the validity of all regions of the resulting curve:
using a log rule can introduce new solutions.
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Use the angle in a semicircle theorem.

Use cos 2z = 2 cos? z—1, rearranged to make cos? =
the subject. Then use the reverse chain rule.

P(2 )
P(2 lor2H)= ———"—.
Use P(2H |1 or 2 H) P(Lor 2 1)
These are a hyperbola and a circle. Substitute for
y and show that the resulting equation has double
roots.

Use the second Pythagorean trig identity to find a
quadratic in tan z. Factorise to solve.

Find the derivative %, and then substitute to get
an identity in . Equate coefficients.

Take moments around O.

Multiply out using the binomial expansion, noting
that half of the terms are going to cancel. Simplify
the rest and solve. Make sure to check the validity
of any roots you find.

This is the region within a circle, and above a mod
graph.

Use the compound-angle formulae.

The subtraction of 1 isn’t relevant here, since
the term “decreasing” concerns only the gradient.
Think about (sketch/visualise) the behaviour of
y = z™: are there points with negative gradient?

— END OF 23RD HUNDRED




